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ABSTRACT. This paper provides a homotopical version of the adjoint lifting the-
orem in category theory, allowing for Quillen equivalences to be lifted from mo-
noidal model categories to categories of algebras over colored operads. The gener-
ality of our approach allows us to simultaneously answer questions of rectification
and of changing the base model category to a Quillen equivalent one. We work in
the setting of colored operads, and we do not require them to be Σ-cofibrant. Spe-
cial cases of our main theorem recover many known results regarding rectification
and change of model category, as well as numerous new results. In particular, we
recover a recent result of Richter-Shipley about a zig-zag of Quillen equivalences
between commutative HQ-algebra spectra and commutative differential graded
Q-algebras, but our version involves only three Quillen equivalences instead of
six. We also work out the theory of how to lift Quillen equivalences to categories
of colored operad algebras after a left Bousfield localization.
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1. INTRODUCTION
When studying the homotopy theory of algebras over operads, a common ques-
tion is that of rectification, i.e., determining when a weak equivalence f ∶ O // P
of operads induces a Quillen equivalence betweenO-algebras and P-algebras. Rec-
tification can be viewed as a generalization of change-of-rings results. A ques-
tion that has received less attention, but which is an important part of the the-
ory, regards changing the base model category. When does a Quillen equivalence
L ∶ M //oo N ∶ R lift to an equivalence on the level of algebras? This question
was first studied in [SS03], has been studied in a limited scope for Σ-cofibrant op-
erads in [Fre09], and has been studied for commutative monoids in [Whi17], but a
general treatment is lacking in the literature.
In this paper, we provide a unified framework for answering questions of rec-
tification and change of base model category simultaneously and in a great deal
of generality. We work with C-colored operads for any set C, and we use model
categories and semi-model categories as our setting for studying the homotopy
theory of operad algebras. Relevant definitions are reviewed in Sections 2 and 3.
Fundamentally, we are interested in studying the adjoint lifting diagram
Alg(O) L //
U

Alg(P)
R
oo
U

MC L //
O○−
OO
N C
R
oo
P○−
OO
from a homotopical perspective, in the context of Quillen equivalences and op-
eradic algebras. We determine when a Quillen equivalence (L,R) induces a Quil-
len equivalence (L,R) of algebras. In Section 4, we prove our Main Theorem 4.2.1,
stated here:
Theorem A (Lifting Quillen Equivalences). Suppose:
(1) L ∶ M //oo N ∶ R is a nice Quillen equivalence (Def. 3.5.5).
(2) f ∶ O // RP is a map of C-colored operads in M with C a set, O an entrywise
cofibrant C-colored operad inM, and P an entrywise cofibrant C-colored operad in
N . The entrywise adjoint f ∶ LO // P is an entrywise weak equivalence in N .
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Then the lifted adjunction (3.3.6)
Alg(O) L // Alg(P)
R
oo
is a Quillen equivalence between the semi-model categories of O-algebras in M and of P-
algebras in N (Theorem 3.5.3).
We provide numerous examples of model categories satisfying the conditions of
this theorem, and we prove a version of this theorem for Σ-cofibrant colored oper-
ads (Theorem 4.3.2), where the hypotheses on the adjunction (L,R) are effectively
always satisfied in examples of interest.
In Section 5, we specialize this general theoremand theΣ-cofibrant version to ob-
tain results about rectification, and about lifting Quillen equivalences to modules,
(commutative) algebras, non-symmetric operads, generalized props, cyclic oper-
ads, and modular operads. We recover results from [SS03], [Mur11], [Mur14], and
[Fre09] all as special cases of the same general theorem, and we then provide nu-
merous new applications of this theorem. The results for non Σ-cofibrant operads
are entirely new. The results of this paper have been applied [GW18,WY16, Yau16].
In Section 6, we apply our main theorem in left Bousfield localizations LC(M)
and LD(N), so that we may lift Quillen equivalences L ∶ M //oo N ∶ R to local
categories of algebras
L ∶ Alg(O; LC(M)) //oo Alg(P; LD(N)) ∶ R.
In Theorems 6.1.2 and 6.1.3, we provide checkable conditions allowing for the lo-
cal application of our main results,Theorems 4.2.1 and 4.3.2. We provide exam-
ples of model categories where the conditions are satisfied. We specialize these
local results to obtain results about local rectification, local change-of-rings, and lo-
cal modules, (commutative) algebras, non-symmetric operads, generalized props,
cyclic operads, and modular operads.
Lastly, in Section 7, we recover results of [SS03], [Shi07], and [RS14], where
chains of Quillen equivalences weremanually lifted to categories of modules, (com-
mutative) monoids, and E∞-algebras. These examples include theDold-Kan equiv-
alence, the Quillen equivalence between DGAs and HR-algebra spectra, and the
Quillen equivalence between commutative DGAs and commutative HR-algebra
spectra. We demonstrate how our main theorems could have been used in these
settings. In particular, as special cases of our main theorem in the characteristic
0 setting, we obtain a zig-zag of three Quillen equivalences between commuta-
tive HQ-algebra spectra and commutative differential graded Q-algebras. This is
a slightly improved version of [RS14] (Corollary 8.4), which contains a zig-zag of
six Quillen equivalences between the same end categories. We hope our unified
approach will find many applications in future such settings.
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2. MODEL CATEGORIES
In this section we recall some key concepts in model category theory. Our main
references here are [Hir03, Hov99, SS00, SS03]. In this paper, (M,⊗,1,Hom) and
N will usually be a symmetric monoidal closed category with⊗-unit 1 and internal
hom Hom. We assume M and N have all small limits and colimits. Their initial
and terminal objects are denoted by ∅ and ∗, respectively.
2.1. Monoidal Model Categories. We assume the reader is familiar with basic
facts about model categories as presented in [Hir03] and [Hov99]. For a model
category M, its subcategory of cofibrations is denoted by Mcof. When we work
with model categories they will most often be cofibrantly generated; i.e., there is a
set I of cofibrations and a set J of trivial cofibrations (i.e. maps which are both co-
fibrations and weak equivalences) which permit the small object argument (with
respect to some cardinal κ), and a map is a (trivial) fibration if and only if it satisfies
the right lifting property with respect to all maps in J (resp. I).
Let I-cell denote the class of transfinite compositions of pushouts of maps in
I, and let I-cof denote retracts of such. In order to run the small object argu-
ment, we will assume the domains K of the maps in I (and J) are κ-small rela-
tive to I-cell (resp. J-cell); i.e., given a regular cardinal λ ≥ κ and any λ-sequence
X0 // X1 // ⋯ formed of maps Xβ // Xβ+1 in I-cell, the map of sets
colimβ<λM(K,Xβ) //M(K, colimβ<λ Xβ)
is a bijection. An object is small if there is some κ for which it is κ-small. See Chapter
10 of [Hir03] for a more thorough treatment of this material.
We must now discuss the interplay between the monoidal structure and the
model structure which we will require in this paper. This definition is taken from
3.1 in [SS00].
Definition 2.1.1. A symmetricmonoidal closed categoryM equippedwith amodel
structure is called a monoidal model category if it satisfies the following pushout prod-
uct axiom:
● Given any cofibrations f ∶ X0 // X1 and g ∶ Y0 // Y1, the pushout corner
map
X0 ⊗Y1 ∐
X0⊗Y0
X1 ⊗Y0 f◻g // X1 ⊗Y1
is a cofibration. If, in addition, either f or g is a weak equivalence then f ◻ g
is a trivial cofibration.
Note that the pushout product axiom is equivalent to the statement that −⊗− is
a Quillen bifunctor.
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2.2. Semi-Model Categories. When attempting to study the homotopy theory of
algebras over a colored operad, the usual method is to transfer a model structure
fromM to this category of algebras along the free-forgetful adjunction (using Kan’s
Lifting Theorem [Hir03] (11.3.2)). Unfortunately, it is often the case that one of the
conditions for Kan’s theorem cannot be checked fully, so that the resulting homo-
topical structure on the category of algebras is something less than a model cate-
gory. This type of structure was first studied in [Hov98] and [Spi01], and later in
published sources such as [Fre10] and [Fre09] (12.1).
Definition 2.2.1. Assume there is an adjunction F ∶ M //oo D ∶ U where M is a
cofibrantly generated model category, D is bicomplete, and U preserves colimits
indexed by non-empty ordinals.
We say that D is a semi-model category if D has three classes of morphisms called
weak equivalences, fibrations, and cofibrations such that the following axioms are sat-
isfied. A cofibrant object X means an object in D such that the map from the initial
object ofD to X is a cofibration in D. Likewise, a fibrant object is an object for which
the map to the terminal object in D is a fibration in D.
(1) U preserves fibrations and trivial fibrations (= maps that are both weak
equivalences and fibrations).
(2) D satisfies the 2-out-of-3 axiom and the retract axiom, i.e. if a morphism f
is a retract of g, and g is a weak equivalence, fibration, or cofibration, then
so is f .
(3) Cofibrations in D have the left lifting property with respect to trivial fibra-
tions. Trivial cofibrations (=maps that are both weak equivalences and cofi-
brations) in D whose domain is cofibrant have the left lifting property with
respect to fibrations.
(4) Every map in D can be functorially factored into a cofibration followed by
a trivial fibration. Every map in D whose domain is cofibrant can be func-
torially factored into a trivial cofibration followed by a fibration.
(5) The initial object in D is cofibrant.
(6) Fibrations and trivial fibrations are closed under pullback.
D is said to be cofibrantly generated if there are sets of morphisms I′ and J′ in D
such that the following conditions are satisfied.
(1) Denote by I′-inj the class of maps that have the right lifting property with
respect to maps in I′. Then I′-inj is the class of trivial fibrations.
(2) J′-inj is the class of fibrations in D.
(3) The domains of I′ are small relative to I′-cell.
(4) The domains of J′ are small relative to maps in J′-cell whose domain is sent
by U to a cofibrant object inM.
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In practice the weak equivalences (resp. fibrations) are morphisms f such that
U( f ) is a weak equivalence (resp. fibration) inM, and the generating (trivial) cofi-
brations of D are maps of the form F(I) and F(J) where I and J are the generating
(trivial) cofibrations ofM.
Note that the only difference between a semi-model structure and a model struc-
ture is that one of the lifting properties and one of the factorization properties re-
quires the domain of the map in question to be cofibrant. Because fibrant and cofi-
brant replacements are constructed via factorization, (4) of a semi-model category
implies that every object has a cofibrant replacement and that cofibrant objects have
fibrant replacements. So one could construct a fibrant replacement functor which
first does cofibrant replacement and then does fibrant replacement. These functors
behave as they would in the presence of a full model structure.
2.3. Quillen Adjunctions and Quillen Equivalences. An adjunction with left ad-
joint L and right adjoint R is denoted by L ⊣ R.
Definition 2.3.1. A lax monoidal functor F ∶ M // N between two monoidal cate-
gories is a functor equipped with structure maps
FX ⊗ FY F
2
X,Y
// F(X ⊗Y), 1N F0 // F1M
for X and Y inM that are associative and unital in a suitable sense [Mac98] (XI.2).
If, furthermore,M andN are symmetric monoidal categories, and F2 is compatible
with the symmetry isomorphisms, then F is called a lax symmetric monoidal functor.
If the structure maps F2 and F0 are isomorphisms, then F is called a strong monoidal
functor.
Note that what is called a lax monoidal functor here is simply called a monoidal
functor in [Mac98].
Definition 2.3.2. Suppose L ∶ M //oo N ∶ R is an adjunction between monoidal
categories with R a lax monoidal functor. For objects X and Y inM, the map
L (X ⊗Y) L
2
X,Y
// LX ⊗ LY ∈ N , (2.3.3)
defined as the adjoint of the composite
X ⊗Y (ηX ,ηY) // RLX⊗RLY R
2
X,Y
// R(LX ⊗ LY),
is called the comonoidal structure map of L [SS03] (3.3). Here η is the unit of the
adjunction.
The following definition applies to both model categories and semi-model cate-
gories.
Definition 2.3.4. Suppose L ∶ M //oo N ∶ R is an adjunction between (semi) model
categories.
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(1) We call L ⊣ R a Quillen adjunction if the right adjoint R preserves fibrations
and trivial fibrations. In this case, we call L a left Quillen functor and R a
right Quillen functor.
(2) We call a Quillen adjunction L ⊣ R a Quillen equivalence if, for each map
f ∶ LX // Y ∈ N with X cofibrant in M and Y fibrant in N , f is a weak
equivalence in N if and only if its adjoint f ∶ X // RY is a weak equiv-
alence in M. In this case, we call L a left Quillen equivalence and R a right
Quillen equivalence.
Remark 2.3.5. For model categories, our definition of a Quillen equivalence is of
course the standard one [Hov99] (1.3.12). On the other hand, for semi-model cat-
egories, our definition of a Quillen equivalence is actually slightly stronger than
(and hence implies) the one given in [Fre09] (12.1.8, p.191). To see that our def-
inition of a Quillen equivalence between semi-model categories is stronger than
Fresse’s, simply use the usual proof [Hov99] (1.3.13 (a)⇒ (b)) that there are several
equivalent ways to state a Quillen equivalence for model categories. As a conse-
quence, the total derived functors of a Quillen equivalence between semi-model
categories (as in Def. 2.3.4 (2)) form adjoint equivalences between the homotopy
categories.
Definition 2.3.6. Suppose L ∶ M //oo N ∶ R is a Quillen adjunction between mo-
noidal categories that are also model categories in which R is equipped with a lax
(symmetric) monoidal structure. We call the Quillen adjunction L ⊣ R a weak (sym-
metric) monoidal Quillen adjunction [SS03] (3.6) if the following two conditions hold.
(1) For any cofibrant objects X and Y in M, the comonoidal structure map
(2.3.3) is a weak equivalence in N .
(2) For some cofibrant replacement q ∶ Q1M // 1M of the tensor unit in M,
the composite
LQ1M
Lq
// L1M
R
0
// 1N (2.3.7)
is a weak equivalence in N , in which R0 is the adjoint of the structure map
R0 ∶ 1M // R1N .
If, furthermore, L ⊣ R is a Quillen equivalence, then we call it a weak (symmetric)
monoidal Quillen equivalence.
Example 2.3.8. As discussed in [SS03], the Dold-Kan correspondence between sim-
plicial modules and non-negatively graded dgmodules over a characteristic 0 field
is a weak symmetric monoidal Quillen equivalence.
2.4. Model Category Assumptions.
Definition 2.4.1. SupposeM is a symmetric monoidal category and a model cate-
gory. Define the following conditions.
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(☆) : Suppose n ≥ 1, g ∶ U // V ∈ MΣopn is a weak equivalence with
U and V cofibrant in M, and X ∈ MΣn is cofibrant in M. Then the
map
U ⊗
Σn
X
g⊗
Σn
X
// V ⊗
Σn
X
is a weak equivalence inM.
(★) : Suppose n ≥ 1 and X ∈ MΣn is cofibrant in M. Then the coin-
variant XΣn ∈M is also cofibrant.
IfM is a model category such that, an object inMΣn is Σn-projectively cofibrant
if and only if it is cofibrant as an object inM, then both (☆) and (★) hold. To verify
this claim, observe that this extra condition makes U, V, and X all Σn-projectively
cofibrant above. In this setting, (★) is true because (−)Σn is a left Quillen functor,
hence takes projectively cofibrant objects to cofibrant objects. To verify (☆) for
M, note that (−) ⊗ X preserves trivial cofibrations in MΣn [BM06, Lemma 2.5.2].
Consider the functor F = (−) ⊗Σn X = ((−) ⊗ X)Σn ∶ MΣn //M. Because(−)Σn
is left Quillen, F takes trivial cofibrations between projectively cofibrant objects to
weak equivalences, so by Ken Brown’s Lemma [Hov99] (1.1.12), this functor takes
all weak equivalences between projectively cofibrant objects to weak equivalences.
Thanks to our assumption about M, this suffices to verify (☆). As a consequence
of this observation, we have the following examples. Because these examples are
rational settings, an object in MΣn is cofibrant if and only if it is cofibrant as an
object inM [WY18, Theorem 8.1.1].
Example 2.4.2. Fix a field k of characteristic zero. Conditions (☆) and (★) both
hold in the model categories of:
● simplicial k-modules;
● chain complexes, bounded or unbounded, of k-modules;
● non-negatively graded cochain complexes of k-modules
● the category of Fin-objects in k-modules.
The last two examples are required for the monoidal dual Dold-Kan correspon-
dence discussed in Section 7.5. The category Fin has the same objects as the cosim-
plicial category ∆, but its morphisms are all set maps. As discussed in [CC04], the
category of Fin-objects in k-modules is closely related to cosimplicial k-modules,
and passage from the classical dual Dold-Kan correspondence to themonoidal dual
Dold-Kan correspondence does not change the homotopy theory.
The next definition is an equivariant version of Def. 2.3.6(1).
Definition 2.4.3. Suppose L ∶ M //oo N ∶ R is an adjunction between symmetric
monoidal categories that are also model categories with R lax symmetric monoidal.
Define the following condition.
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(#) : Suppose n ≥ 1, W ∈ MΣopn is cofibrant in M, and X ∈ MΣn is
cofibrant inM. Then the map
[L(W ⊗X)]
Σn
(L2W ,X)Σn
// [LW ⊗ LX]
Σn
is a weak equivalence in N , where L2W,X is the comonoidal structure
map of L (2.3.3).
Note that (#) is equivalent to the assertion that the composite
L (W ⊗
Σn
X)
≅

// LW ⊗
Σn
LX
[L(W ⊗X)]
Σn
(L2W ,X)Σn
// [LW ⊗ LX]
Σn
=
OO
is a weak equivalence in N . The isomorphism on the left comes from the fact that
taking Σn-coinvariant is a colimit, and the left adjoint L commutes with colimits.
Example 2.4.4. Condition (#) holds when:
(1) L is the identity, in the case of rectification;
(2) L is strong symmetric monoidal;
(3) L ⊣ R is the Dold-Kan correspondence between simplicial k-modules and
non-negatively graded chain complexes of k-modules for a field k of char-
acteristic zero;
(4) L ⊣ R is themonoidal dual Dold-Kan correspondence betweennon-negatively
graded cochain complexes of k-modules and Fin-objects in k-modules, over
a field k of characteristic zero.
This is trivial to verify for (1) and (2). For (3) and (4), we use that the model
categories in question are in characteristic zero situations, just as in Example 2.4.2.
This means W and X are actually projectively cofibrant. The Quillen pair (3) is
a weak monoidal Quillen pair by [SS03] (4.2, 4.3). This implies, together with the
pushout product axiom [Hov99, Definition 4.2.1], that L2W,X is a weak equivalence
between projectively cofibrant objects. Now (#) follows from Ken Brown’s lemma,
applied to the left Quillen functor (−)Σn . Lastly, (#) holds for (4) because the left
adjoint is strong symmetric monoidal, as discussed in [CC04].
3. COLORED OPERADS
In this section we recall some results regarding colored operads that will be
needed in later sections.
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3.1. Colors and Profiles. Here we recall from [YJ15] some notations regarding col-
ors that are needed to talk about colored objects.
Definition 3.1.1 (Colored Objects). Fix a set C, whose elements are called colors.
(1) A C-profile is a finite sequence of elements in C, say,
c = (c1, . . . , cm) = c[1,m]
with each ci ∈ C. If C is clear from the context, then we simply say profile.
The empty C-profile is denoted ∅, which is not to be confused with the
initial object inM. Write ∣c∣ = m for the length of a profile c.
(2) An object in the product category∏CM = MC is called a C-colored object inM, and similarly for a map of C-colored objects. A typical C-colored object
X is also written as {Xa}with Xa ∈ M for each color a ∈ C.
(3) Suppose X ∈ MC and c ∈ C. Then X is said to be concentrated in the color c if
Xd = ∅ for all c /= d ∈ C.
(4) Suppose f ∶ X // Y ∈ M and c ∈ C. Then f is said to be concentrated in the
color c if both X and Y are concentrated in the color c.
Next we define the colored version of a Σ-object, also known as a symmetric
sequence.
Definition 3.1.2 (Colored Symmetric Sequences). Fix a set C of colors.
(1) If a = (a1, . . . , am) and b are C-profiles, then a map (or left permutation) σ ∶
a // b is a permutation σ ∈ Σ∣a∣ such that
σa = (aσ−1(1), . . . , aσ−1(m)) = b
This necessarily implies ∣a∣ = ∣b∣ = m.
(2) The groupoid of C-profiles, with left permutations as the isomorphisms, is
denoted by ΣC. The opposite groupoid Σ
op
C
is regarded as the groupoid of
C-profiles with right permutations
aσ = (aσ(1), . . . , aσ(m))
as isomorphisms.
(3) The orbit of a profile a is denoted by [a]. The maximal connected sub-
groupoid of ΣC containing a is written as Σ[a]. Its objects are the left per-
mutations of a. There is a decomposition
ΣC ≅ ∐
[a]∈ΣC
Σ[a], (3.1.3)
where there is one coproduct summand for each orbit [a] of a C-profile. By
[a] ∈ ΣC we mean that [a] is an orbit in ΣC.
(4) Define the diagram category
SymSeqC(M) =MΣ
op
C
×C,
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whose objects are called C-colored symmetric sequences. By the decomposition
(3.1.3), there is a decomposition
SymSeqC(M) ≅ ∏
([c];d)∈Σop
C
×C
MΣop[c]×{d},
where Σop[c] × {d} ≅ Σop[c].
(5) For X ∈ SymSeqC(M), we write
X( d[c]) ∈MΣop[c]×{d} ≅MΣop[c]
for its ([c]; d)-component. For (c; d) ∈ Σop
C
×C (i.e., c is a C-profile and d ∈ C),
we write
X(dc) ∈ M
for the value of X at (c; d).
Remark 3.1.4. In the one-colored case (i.e., C = {∗}), for each integer n ≥ 0, there
is a unique C-profile of length n, usually denoted by [n]. We have Σ[n] = Σn, the
symmetric group Σn regarded as a one-object groupoid. So we have
ΣC =∐
n≥0
Σn = Σ and SymSeqC(M) =MΣ
op
C
×C =MΣop .
In other words, one-colored symmetric sequences are symmetric sequences (also
known as Σ-objects and collections) in the usual sense.
From now on, assume that C is a fixed non-empty set of colors, unless otherwise
specified.
3.2. Colored Circle Product. We will define C-colored operads as monoids with
respect to the C-colored circle product. To define the latter, we need the following
definition.
Definition 3.2.1 (Tensored over a Category). Suppose D is a small groupoid, X ∈
MDop , and Y ∈ MD. Define the object X ⊗D Y ∈ M as the colimit of the composite
D ≅∆ // Dop ×D (X,Y) //M×M ⊗ //M,
where the first map is the diagonal map followed by the isomorphism D ×D ≅
Dop ×D. The colimit X ⊗D Y coincides with the coend ∫ d∈D Xd ⊗Yd.
We will mainly use the construction⊗D whenD is the finite connected groupoid
Σ[c] for some orbit [c] ∈ ΣC.
Convention 3.2.2. For an object A ∈ M, A⊗0 is taken to mean 1, the ⊗-unit inM.
Definition 3.2.3 (Colored Circle Product). Suppose X,Y ∈ SymSeqC(M), d ∈ C,
c = (c1, . . . , cm) ∈ ΣC, and [b] ∈ ΣC is an orbit.
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(1) Define the object
Yc ∈MΣopC ≅ ∏
[b]∈ΣC
MΣop[b]
as having the [b]-component
Yc([b]) = ∐
{[b j]∈ΣC}1≤j≤m s.t.
[b]=[(b1,...,bm)]
Kan
Σ
op
[b]
⎡⎢⎢⎢⎢⎣
m
⊗
j=1
Y( cj[bj])
⎤⎥⎥⎥⎥⎦
∈MΣop[b] .
The above left Kan extension is defined as
∏mj=1 Σop[bj]
concatenation

∏Y(cj
−
)
//M×m
⊗

Σ
op
[b]
Kan
Σ
op
[b][⊗Y(⋮)]
left Kan extension
//M.
(2) By allowing left permutations of c above, we obtain
Y[c] ∈ MΣopC ×Σ[c] ≅ ∏
[b]∈ΣC
MΣop[b]×Σ[c]
with components
Y[c]([b]) ∈ MΣop[b]×Σ[c] .
(3) The C-colored circle product
X ○Y ∈ SymSeqC(M)
is defined to have components
(X ○Y)( d[b]) = ∐
[c]∈ΣC
X( d[c]) ⊗
Σ[c]
Y[c]([b]) ∈ MΣop[b]×{d},
where the coproduct is indexed by all the orbits in ΣC, as d runs through
C and [b] runs through all the orbits in ΣC. The functor X ○ − restricts to a
functor on MC: given a C-colored object A, the d-colored entry of X ○ A is
equal to the coend
(X ○ A)d =
c∈ΣC
∫ X(dc)⊗ Ac.
Inside this coend, X(dc) is contravariant in c and Ac is covariant in c.
Proposition 3.2.4 (= 3.2.18 in [WY18]). With respect to the C-colored circle product ○,
SymSeqC(M) is a monoidal category.
Definition 3.2.5. For a set C of colors, a C-colored operad inM is a monoid [Mac98]
(VII.3) in the monoidal category (SymSeqC(M), ○).
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3.3. Algebras over Colored Operads.
Definition 3.3.1. Suppose O is a C-colored operad. The category of algebras over
the monad [Mac98] (VI.2)
O ○ − ∶ MC //MC
is denoted by Alg(O), whose objects are called O-algebras inM.
Definition 3.3.2. Suppose A = {Ac}c∈C ∈ MC and c = (c1, . . . , cn) ∈ ΣC with orbit [c].
Define the object
Ac =
n
⊗
i=1
Aci = Ac1 ⊗⋯⊗ Acn ∈ M
and the diagram A[c] ∈ MΣ[c] with values
A[c](c′) = Ac′
for each c′ ∈ [c]. All the structure maps in the diagram A[c] are given by permuting
the factors in Ac.
There is a free-forgetful adjoint pair
MC O○− // Alg(O)oo
for each C-colored operad O.
Proposition 3.3.3 (= 4.2.1 in [WY18]). Suppose O is a C-colored operad inM. Then the
category Alg(O) has all small limits and colimits, with reflexive coequalizers and filtered
colimits preserved and created by the forgetful functor Alg(O) //MC.
Definition 3.3.4. Suppose L ∶ M //oo N ∶ R is an adjunction between symmetric
monoidal categories with R lax symmetric monoidal. Suppose f ∶ O // RP is a
map of C-colored operads in M with C a set, O a C-colored operad in M, and P
a C-colored operad in N . Here R is applied entrywise to P; according to [YJ15]
(Theorem 12.11) RP is a C-colored opeard inM.
(1) Define an induced functor
Alg(O) Alg(P)Roo (3.3.5)
as follows. For a P-algebra A, apply R entrywise to A ∈ N C to obtain RA ∈
MC. Then RA becomes an O-algebra with structure map the composite
O(dc)⊗ (RA)c //
( f ,Id)

RAd
RP(dc)⊗ (RA)c R2 // R(P(dc)⊗ Ac)
Rλ
OO
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for d ∈ C and c ∈ ΣC. The map
P(dc)⊗ Ac λ // Ad
is a P-algebra structure map of A, and R2 is a repeated application of the
lax monoidal structure map of R. Note that if R = Id, then the functor
R ∶ Alg(P) // Alg(O) is the restriction along f .
(2) By the Adjoint Lifting Theorem [Bor94] (4.5.6), the functor R (3.3.5) admits
a left adjoint L ∶ Alg(O) // Alg(P), which is in general not L entrywise.
The original adjoint pair L ⊣ R is related to the lifted adjoint pair L ⊣ R as
follows:
Alg(O) L //
U

Alg(P)
R
oo
U

MC L //
O○−
OO
N C
R
oo
P○−
OO
(3.3.6)
On each side, the vertical arrows form a free-forgetful adjunction. The right
adjoint diagram is commutative, i.e., UR = RU. By uniqueness the left ad-
join diagram is also commutative, i.e.,
L (O ○X) = P ○ (LX) (3.3.7)
in which LX means L is applied entrywise to X ∈MC.
(3) For eachO-algebra A, the unit A // RLA ∈ Alg(O) of the adjunction, when
regarded as a map inMC, has an entrywise adjoint
LUA
χA
// ULA ∈ N C (3.3.8)
called the comparison map. We will usually write the comparison map as
LA // LA, omitting the forgetful functors from the notation.
Example 3.3.9. For the initial O-algebra ∅O = {O(d∅)}d∈C, we have
L∅O = ∅P = {P(d∅)}d∈C
because L is a left adjoint. In this case, the comparison map χ∅O is entrywise the
adjoint of f ,
(L∅O)d = LO(d∅) f // P(d∅) = (L∅O)d ∈ N
for d ∈ C.
Example 3.3.10. Suppose A ∈ Alg(O), B ∈ Alg(P), and ϕ ∶ LA // B ∈ Alg(P). Then
the adjoint of ϕ is a map ϕ ∶ A // RB ∈ Alg(O). Considering ϕ as a map inMC, its
entrywise adjoint is the composite
LA
χA
// LA
ϕ
// B ∈ N C.
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This example will be important in the proof of Theorem 4.2.1. In the cases of
monoids and of 1-colored non-symmetric operads, the comparison map appeared
in [SS03] (5.1) and [Mur14] (7-2), respectively. In the situation of rectification, when
L = R = Id, L = ϕ! and R = ϕ∗.
3.4. Filtration for Pushouts of Colored Operadic Algebras.
Definition 3.4.1. Suppose X ∈ SymSeqC(M), d ∈ C, and [a], [b], [c] are orbits in ΣC.
Define the diagram
X( d[a];[c]) ∈ MΣop[a]×Σop[c]×{d}
as having the objects
X( d[a];[c])(a′; c′) = X( da′,c′) ∈M
for a′ ∈ [a] and c′ ∈ [c] and the structure maps of X.
Definition 3.4.2 (OA for O-algebras). Suppose O is a C-colored operad and A ∈
Alg(O). Define OA ∈ SymSeqC(M) as follows. For d ∈ C and orbit [c] ∈ ΣC, define
the component
OA( d[c]) ∈MΣ
op
[c]×{d}
as the reflexive coequalizer of the diagram
∐
[a]∈ΣC
O( d[a];[c]) ⊗
Σ[a]
(O ○ A)[a]
d0
//
d1
// ∐
[a]∈ΣC
O( d[a];[c]) ⊗
Σ[a]
A[a]
tt
with
● the coequalizer taken inMΣop[c]×{d},
● d0 induced by the operadic composition on O,● d1 induced by the O-algebra action on A, and● the common section induced by A ≅ I ○ A // O ○ A, where I is the unit for
the C-colored circle product.
Proposition 3.4.3 (= 5.1.1 in [WY18]). Suppose O is a C-colored operad, and ∅ is the
initial O-algebra. Then there is an isomorphism
O∅ ≅ O
in SymSeqC(M).
Proposition 3.4.4 (= 5.1.3 in [WY18]). Suppose O is a C-colored operad, A ∈ Alg(O),
and d ∈ C. Then there is a natural isomorphism
OA(d∅) ≅ Ad
inM.
Lemma 3.4.5 (= 5.3.1 in [WY18]). Suppose O is a C-colored operad, d ∈ C, and [c] ∈ ΣC.
Then the functor
O(−)( d[c]) ∶ Alg(O) //MΣ
op
[c]×{d}
preserves reflexive coequalizers and filtered colimits.
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Definition 3.4.6. Suppose i ∶ X // Y ∈ MC is concentrated at a single color c ∈ C
(so Xb = Yb = ∅ whenever b /= c) and t ≥ 1. Define i◻t ∶ Qtt−1 // Y⊗t to be the
t-fold iterated pushout product of i with itself. The object Qtt−1 is the colimit of
the punctured t-dimensional cube formed by words of length t in the symbols X
and Y, but omitting the word Y⊗t. The morphism i◻t has a natural action of Σt by
permuting the letters in the words.
The object Qtt−1 is part of a filtration of Y
⊗t [WY18] (4.3.15) that was essential to
the proof of the following two results.
Proposition 3.4.7 (= 4.3.16 in [WY18]). Suppose O is a C-colored operad, A ∈ Alg(O),
i ∶ X // Y ∈MC is concentrated at a single color c ∈ C, and
O ○X
id ○i

f
// A
j

O ○Y // A∞
is a pushout in Alg(O). Then the map j ∈ MC factors naturally into a countable composi-
tion
A = A0 j1 // A1 j2 // A2 j3 // ⋯ // A∞ ∈MC
such that, for each color d ∈ C and t ≥ 1, the d-colored entry of jt is inductively defined as
the pushout inM
OA( d[tc])⊗
Σt
Qtt−1
id⊗
Σt
i◻t

f t−1∗
// (At−1)d
jt

OA( d[tc])⊗
Σt
Y⊗t
ξt
// (At)d
(3.4.8)
with f t−1∗ induced by f and tc = (c, . . . , c) with t copies of c.
Proposition 3.4.9 (= 5.3.2 in [WY18]). Suppose O is a C-colored operad, A ∈ Alg(O),
i ∶ X // Y ∈MC is concentrated in one color b ∈ C, and
O ○X
id ○i

f
// A
j

O ○Y // A∞
is a pushout in Alg(O). Suppose d ∈ C and [c] ∈ ΣC. Then the map Oj ∈ MΣ
op
[c]×{d} factors
naturally into a countable composition
OA( d[c]) = O0A( d[c])
j1
// O1A(
d
[c])
j2
// O2A(
d
[c])
j3
// ⋯ // OA∞( d[c])
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inMΣop[c]×{d} in which each jt for t ≥ 1 is defined inductively as the pushout
OA( d[tb];[c])⊗
Σt
Qtt−1
id⊗
Σt
i◻t

f∗
// Ot−1A (
d
[c])
jt

OA( d[tb];[c])⊗
Σt
Y⊗t
ξt
// OtA(
d
[c])
(3.4.10)
inMΣop[c]×{d}, where tb = (b, . . . , b) with t copies of b.
3.5. Semi-Model Structures on Algebras over Entrywise Cofibrant Operads.
Definition 3.5.1. Suppose M is a symmetric monoidal category and is a model
category. Define the following condition.
(♣) : For each n ≥ 1 and X ∈ MΣopn that is cofibrant in M, if f is a
(trivial) cofibration, then so is X ⊗
Σn
f◻n.
The condition (♣) for cofibrations will be referred to as (♣)cof, and the condition for
trivial cofibrations as (♣)t.cof. So (♣) = (♣)cof + (♣)t.cof.
Example 3.5.2. As in Example 2.4.2, condition (♣) holds whenever cofibrancy in
MΣn coincides with cofibrancy inM. In particular, it holds in:
● simplicial modules over a characteristic 0 field;
● chain complexes, bounded or unbounded, over a characteristic 0 field
Theorem 3.5.3 (= 6.2.3 in [WY18]). Suppose M is a cofibrantly generated monoidal
model category satisfying (♣). Then for each entrywise cofibrant C-colored operad O in
M, the category Alg(O) admits a cofibrantly generated semi-model structure over MC
such that the weak equivalences and fibrations are created inM. Moreover:
(1) If j ∶ A // B ∈ Alg(O) is a cofibration with A cofibrant in Alg(O), then the
underlying map of j is entrywise a cofibration.
(2) Every cofibrant O-algebra is entrywise cofibrant inM.
Lemma 3.5.4 (= 6.2.4 in [WY18]). Suppose M is a symmetric monoidal closed category
and is a model category satisfying (♣)cof, and O is a C-colored operad inM.
(1) Suppose j ∶ A // B ∈ Alg(O) is an (O ○Mcof)-cofibration, i.e., a retract of a
transfinite composition of pushouts of maps in O ○Mcof. Suppose also that OA is
entrywise cofibrant inM. Then OA // OB is entrywise a cofibration inM.
(2) Suppose O is entrywise cofibrant inM, and suppose ∅ // A ∈ Alg(O) is a (O ○
Mcof)-cofibration. Then OA is entrywise cofibrant inM.
Definition 3.5.5. A nice Quillen equivalence L ∶ M //oo N ∶ R is a weak symmetric
monoidal Quillen equivalence (Def. 2.3.6) between cofibrantly generatedmonoidal
model categories such that the following conditions hold.
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(1) (★) (Def. 2.4.1), (#) (Def. 2.4.3), and (♣) (Def. 3.5.1) hold inM and N .
(2) N satisfies (☆) (Def. 2.4.1).
(3) Every generating cofibration inM has cofibrant domain.
Example 3.5.6. Let k be a field of characteristic zero. Then the following are exam-
ples of nice Quillen equivalences:
(1) theDold-Kan correspondence between simplicial k-modules and non-negatively
graded chain complexes of k-modules;
(2) the monoidal dual Dold-Kan correspondence Q ∶ Ch(k)≥0 ⇆ (Vectk)Fin ∶ P,
between non-negatively graded cochain complexes of k-modules and the
category of Fin-objects in k-vector spaces, which is closely related to cosim-
plicial k-vector spaces.
The monoidal dual Dold-Kan correspondence [CC04] is recalled in Section 7.5.
The authors verified (♣) (as a consequence of a stronger hypothesis, (♠)) for chain
complexes over a field of characteristic zero in [WY18] (Theorem 8.1.1). The proof
for simplicial k-modules, for Ch(k)≥0, and for (Vectk)Fin are analogous. The cofi-
brancy hypothesis 3.5.5(3) is trivial because every object in these categories is cofi-
brant. We verified (★), (#), and (☆) in 2.4.2 and 2.4.4.
4. MAIN RESULT
4.1. Key Step. By Proposition 3.4.4, for each color d ∈ C, there are natural isomor-
phisms
LOA(d∅) ≅ LAd and PLA(d∅) = (LA)d.
A key part of the proof of Theorem 4.2.1 is the following result.
Proposition 4.1.1. Suppose:
(1) L ∶ M //oo N ∶ R is a nice Quillen equivalence (Def. 3.5.5).
(2) f ∶ O // RP is a map of C-colored operads in M with C a set, O an entrywise
cofibrant C-colored operad inM, and P an entrywise cofibrant C-colored operad in
N . The entrywise adjoint f ∶ LO // P is an entrywise weak equivalence in N .
Suppose A is a cofibrant O-algebra. Then the map f ∶ O // RP induces a natural entry-
wise weak equivalence
LOA
f∞
// PLA ∈ SymSeqC(N )
whose value at (d∅) is the comparison map χA ∶ LA // LA (3.3.8) evaluated at d for each
d ∈ C.
Below, we will show that, if O and P are Σ-cofibrant, then we can weaken as-
sumption (1) above to only requiring that (L,R) be a weak symmetric monoidal
Quillen equivalence and that the domains of the generating cofibrations in M be
cofibrant.
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Proof. The generating cofibrations in Alg(O) have the form O ○ i for some generat-
ing cofibration i in M, regarded as a map in MC concentrated in a single color.
Each cofibration in Alg(O) is a retract of a transfinite composition of pushouts
of generating cofibrations. By a retract argument we may assume that the map
∅O // A ∈ Alg(O) is a transfinite composition
∅O = A0 // A1 // A2 // ⋯ // A ∈ Alg(O) (4.1.2)
such that, for each t ≥ 1, the map At−1 // At is a pushout
O ○X
Id ○i

// At−1

O ○Y // At
(4.1.3)
in Alg(O) for some generating cofibration i ∶ X // Y in M, regarded as a map
in MC concentrated in a single color, say, c ∈ C. Both the map i and the color
c depend on the index t. Note that, since the initial O-algebra is cofibrant and
At−1 // At ∈ Alg(O) is a cofibration, all the At are cofibrant O-algebras. Moreover,
by assumption onM, the generating cofibration i is a cofibration between cofibrant
objects.
We apply O(−) (Def. 3.4.2) to the transfinite composition (4.1.2) and use Proposi-
tion 3.4.3 on A0 and Lemma 3.4.5 on the colimit. We obtain the transfinite compo-
sition
O ≅ OA0 // OA1 // OA2 // ⋯ // OA ∈ SymSeqC(M). (4.1.4)
Since O is entrywise cofibrant and since all the At are cofibrant O-algebras, by
Lemma 3.5.4, in (4.1.4) every map is an entrywise cofibration between entrywise
cofibrant objects inM. Applying the left Quillen equivalence [Hir03] (11.6.5(2))
L ∶ SymSeqC(M) // SymSeqC(N )
to (4.1.4), we obtain the transfinite composition
LO ≅ LOA0 // LOA1 // LOA2 // ⋯ // LOA ∈ SymSeqC(N ) (4.1.5)
of entrywise cofibrations between entrywise cofibrant objects in N .
Next we apply the left adjoint L ∶ Alg(O) // Alg(P) to the transfinite composi-
tion (4.1.2) and the pushouts (4.1.3). We obtain the transfinite composition
∅P = L∅O = LA0 // LA1 // LA2 // ⋯ // LA ∈ Alg(P) (4.1.6)
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such that, for each t ≥ 1, the map LAt−1 // LAt is a pushout
P ○ (LX) = L(O ○X)
Id ○Li = L(Id ○i)

// LAt−1

P ○ (LY) = L(O ○Y) // LAt
(4.1.7)
in Alg(P). The equalities on the left come from (3.3.7). Since P is also entrywise cofi-
brant, similar to the paragraph containing (4.1.4), applying P(−) to the transfinite
composition (4.1.6) yields the transfinite composition
P ≅ PLA0 // PLA1 // PLA2 // ⋯ // PLA ∈ SymSeqC(N ) (4.1.8)
of entrywise cofibrations between entrywise cofibrant objects in N .
Consider the commutative ladder diagram from (4.1.5) to (4.1.8),
LO ≅ LOA0
f0
def
== f

// LOA1
f1

// LOA2
f2

// ⋯ // LOA
colim ft = f∞

P ≅ PLA0 // PLA1 // PLA2 // ⋯ // PLA
(4.1.9)
in SymSeqC(N ), in which f0 is defined to be f ∶ LO // P. Our goal is to show that
the colimit f∞ is a weak equivalence, i.e., entrywise weak equivalence in N . By
[Hir03] (17.9.1) it suffices to show by induction that each vertical map ft for t ≥ 0 is
a weak equivalence. The initial map f0 = f is a weak equivalence by assumption.
For the induction step, suppose t ≥ 1 and that the map
LOAt−1
ft−1
// PLAt−1 ∈ SymSeqC(N )
is a weak equivalence. We want to show that ft is a weak equivalence. The map ft
is inductively defined as follows. Pick d ∈ C and b ∈ Prof(C). Applying Proposition
3.4.9 to the pushout (4.1.3), we see that the map
OAt−1( d[b]) // OAt( d[b])
is a countable composition
OAt−1( d[b]) = O0At−1( d[b]) // O1At−1( d[b]) // O2At−1( d[b]) // ⋯ // OAt( d[b]) (4.1.10)
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inMΣop[b]×{d} in which, for each r ≥ 1, the rth map is the pushout
OAt−1( d[rc];[b]) ⊗
Σr
Qrr−1(i) //
Id ⊗
Σr
i◻r

Or−1
At−1
( d[b])

OAt−1( d[rc];[b]) ⊗
Σr
Y⊗r // Or
At−1
( d[b])
(4.1.11)
in MΣop[b]×{d}. In the previous diagram, rc = (c, . . . , c) with r copies of the color
c ∈ C, and the top horizontal map is naturally induced by the map O ○X // At−1.
We already observed above that every OAk is entrywise cofibrant in M. Since i ∶
X // Y is a cofibration inM, by (♣)cof (Def. 3.5.1) the left vertical map in (4.1.11)
is entrywise a cofibration in M, hence so is the right vertical map. An induction
shows that in (4.1.10) every map is an entrywise cofibration between entrywise
cofibrant objects inM.
Furthermore, since i ∶ X // Y is a cofibration between cofibrant objects, the iter-
ated pushout product i◻r ∶ Qrr−1(i) // Y⊗r is also a cofibration between cofibrant
objects in M by the pushout product axiom. See, for example, [Har10b] (proof of
7.19) for an explicit iterated construction of Qrr−1. As every OAk is entrywise cofi-
brant, both objects
OAt−1( d[rc];[b])⊗Qrr−1(i) and OAt−1( d[rc];[b])⊗Y⊗r
are entrywise cofibrant in M by the pushout product axiom. Condition (★) (Def.
2.4.1) in M implies that, after taking Σr-coinvariants, both objects on the left side
of (4.1.11) are entrywise cofibrant inM.
Now we apply the left Quillen equivalence [Hir03] (11.6.5(2))
L ∶ MΣop[b]×{d} // N Σop[b]×{d}
to the countable composition (4.1.10) and the pushouts (4.1.11). We obtain the
countable composition
LOAt−1( d[b]) = LO0At−1( d[b]) // LO1At−1( d[b]) // LO2At−1( d[b]) // ⋯ // LOAt( d[b])
(4.1.12)
inN Σop[b]×{d} of entrywise cofibrations between entrywise cofibrant objects. For each
r ≥ 1, the rth map is the pushout
L[OAt−1( d[rc];[b]) ⊗
Σr
Qrr−1(i)] //
L(Id ⊗
Σr
i◻r)

LOr−1
At−1
( d[b])

L[OAt−1( d[rc];[b]) ⊗
Σr
Y⊗r] // LOr
At−1
( d[b])
(4.1.13)
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inN Σop[b]×{d} with both vertical maps entrywise cofibrations between entrywise cofi-
brant objects.
Next, applying Proposition 3.4.9 to the pushout (4.1.7), we see that the map
PLAt−1
( d[b]) // PLAt(
d
[b])
is a countable composition
PLAt−1
( d[b]) = P0LAt−1( d[b]) // P1LAt−1( d[b]) // P2LAt−1( d[b]) // ⋯ // PLAt( d[b])
(4.1.14)
in N Σop[b]×{d} in which, for each r ≥ 1, the rth map is the pushout
PLAt−1
( d[rc];[b])⊗
Σr
Qrr−1(Li) //
Id ⊗
Σr
(Li)◻r

Pr−1
LAt−1
( d[b])

PLAt−1
( d[rc];[b]) ⊗
Σr
(LY)⊗r // Pr
LAt−1
( d[b])
(4.1.15)
in N Σop[b]×{d}. We now argue as in the two paragraphs before (4.1.12) and use con-
ditions (♣)cof and (★) in N . We then see that in (4.1.14) every map is an entrywise
cofibration between entrywise cofibrant objects. Moreover, both vertical maps in
(4.1.15) are entrywise cofibrations between entrywise cofibrant objects.
Consider the commutative ladder diagram from (4.1.12) to (4.1.14),
LOAt−1( d[b]) = LO0At−1( d[b])
f 0t−1
def
== ft−1

// LO1
At−1
( d[b])
f 1t−1

// LO2
At−1
( d[b])
f 2t−1

// ⋯ // LOAt( d[b])
colimr f
r
t−1 = ft

PLAt−1
( d[b]) = P0LAt−1( d[b]) // P1LAt−1( d[b]) // P2LAt−1( d[b]) // ⋯ // PLAt( d[b])
(4.1.16)
in N Σop[b]×{d}. By [Hir03] (15.10.12(1)), to show that the colimit ft is a weak equiva-
lence, it suffices to show that each vertical map f rt−1 for r ≥ 0 is a weak equivalence.
The initial map f 0t−1 is defined as ft−1, which is a weak equivalence.
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For the induction step, suppose r ≥ 1 and that f r−1t−1 is a weak equivalence. We
want to show that f rt−1 is a weak equivalence. Consider the naturally induced com-
mutative cube from (4.1.13) (the back face below) to (4.1.15) (the front face),
L[OAt−1( d[rc];[b])⊗
Σr
Qrr−1(i)] //
L(Id ⊗
Σr
i◻r)

α
((
LOr−1
At−1
( d[b])

f r−1t−1
∼

✾✾
✾✾
✾✾
✾✾
✾✾
✾
PLAt−1
( d[rc];[b]) ⊗
Σr
Qrr−1(Li) //

Pr−1
LAt−1
( d[b])

L[OAt−1( d[rc];[b]) ⊗
Σr
Y⊗r] //
β
((
LOr
At−1
( d[b])
f rt−1

✾✾
✾✾
✾✾
✾✾
✾✾
✾
PLAt−1
( d[rc];[b])⊗
Σr
(LY)⊗r // Pr
LAt−1
( d[b])
(4.1.17)
in N Σop[b]×{d}. We will prove in Lemma 4.1.18 that the top and bottom faces of the
cube (4.1.17) are indeed commutative. The map α factors as the composite
L[OAt−1( d[rc];[b]) ⊗
Σr
Qrr−1(i)] α //
≅

PLAt−1
( d[rc];[b]) ⊗
Σr
Qrr−1(Li)
[L(OAt−1( d[rc];[b])⊗Qrr−1(i))]
Σr
α1 = (L2)Σr

[LOAt−1( d[rc];[b])⊗Qrr−1(Li)]
Σr
α2 = ft−1⊗
Σr
Id
OO
[LOAt−1( d[rc];[b])⊗ LQrr−1(i)]Σr
Φ
∗
r
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
in which:
● L2 is the comonoidal structure map of L (2.3.3);
● Φr ∶ LQrr−1(i) // Qrr−1(Li) is a weak equivalence between cofibrant objects,
defined in Lemma 4.1.24;
● Φ∗r = [IdLO
At−1
( d[rc];[b])⊗ Φr]Σr .
Observe that to define the map α2, the map ft−1 must be an equivariant map, in-
stead of merely a map of individual entries. There is a similar factorization for the
map β. In the top face, the top horizontal map is induced by L applied to the map
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O ○X // At−1, while the other horizontal map is induced by the map
P ○ (LX) = L(O ○X) // LAt−1.
We already observed above that both vertical maps in the left face of (4.1.17) are
entrywise cofibrations and that all the objects in the cube are entrywise cofibrant.
By the Cube Lemma [Hov99] (5.2.6), to show that f rt−1 is a weak equivalence, it
suffices to show that both α and β are entrywise weak equivalences.
To show that α is a weak equivalence, it is enough to show that α1, α2, and Φ
∗
r are
weak equivalences. We already observed that OAt−1 is entrywise cofibrant and that
Qrr−1(i) is cofibrant inM. So α1 is a weak equivalence by condition (#) (Def. 2.4.3).
Since L preserves cofibrancy, condition (☆) inN (Def. 2.4.1), together with Lemma
4.1.24, implies Φ∗ is a weak equivalence. Likewise, since ft−1 is a weak equivalence
between entrywise cofibrant objects, condition (☆) in N implies that α2 is a weak
equivalence. This proves that α is a weak equivalence. A similar argument, with
Y⊗r in place of Qrr−1(i), proves that β is a weak equivalence.
Therefore, the map f rt−1 is a weak equivalence. This finishes the induction in the
ladder diagram (4.1.16), proving that the map ft is a weak equivalence. This in
turn proves the induction step in the first ladder diagram (4.1.9), so the map f∞ is
a weak equivalence.
Finally, the assertion f∞(d∅) = (χA)d is a consequence of the naturality of f∞ and
Example 3.3.9. 
Lemma 4.1.18. The top and bottom faces of the cube (4.1.17) are commutative.
Proof. The top face of the cube (4.1.17) is the diagram
L[OAt−1( d[rc];[b]) ⊗
Σr
Qrr−1(i)]
g∗
//
α

LOr−1
At−1
( d[b])
f r−1t−1

PLAt−1
( d[rc];[b])⊗
Σr
Qrr−1(Li)
g′∗
// Pr−1
LAt−1
( d[b])
(4.1.19)
with r, t ≥ 1 and i ∶ X // Y ∈ M concentrated in a single color c ∈ C. The top
horizontal map is induced by the O-algebra map g ∶ O ○X // At−1, whose adjoint
X // At−1 ∈ MC is also denoted by g. The bottom horizontal map is induced by
the composite
LX
g′
&&
Lg
// LAt−1
χA
// LAt−1,
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which is adjoint to the map
P ○ (LX) = L(O ○X) Lg // LAt−1
of P-algebras. As before, we omit writing the forgetful functors.
To show that (4.1.19) is commutative, observe thatOAt−1 and PLAt−1 are defined as
coequalizers (Def. 3.4.2), thatQrr−1 is a colimit indexed by the punctured r-cube {0 <
1}r ∖ {(1, . . . , 1)} [Har10b] (7.19), and that taking Σr-coinvariants is also a colimit.
Therefore, it is enough to check the commutativity of the diagram (4.1.19) when it
is restricted to a typical node in the colimiting cone. In other words, it is enough to
check the commutativity of the solid-arrow diagram
L[O( d[a];[rc];[b])⊗ At−1[a] ⊗Xp ⊗Yq]
g∗
((
comonoidal

L[OAt−1( d[qc];[b])⊗Yq]
comonoidal

L[O(⋮) ⊗ At−1[a,pc]⊗Yq]
natural
99

LO(⋮) ⊗ (LAt−1)[a] ⊗(LX)p ⊗(LY)q
(χ
At−1
)∗

●

LOAt−1(
d
[qc];[b])⊗(LY)q
( ft−1,Id)

LO(⋮) ⊗ (LAt−1)[a] ⊗(LX)p ⊗(LY)q
( f ,Id)

●

P(⋮) ⊗ (LAt−1)[a,pc]⊗(LY)q
natural
&&
P(⋮) ⊗ (LAt−1)[a] ⊗(LX)p ⊗(LY)q
g′
∗
66
P
LAt−1
( d[qc];[b])⊗(LY)q
(4.1.20)
in which a ∈ ΣC is arbitrary, (⋮) = ( d[a];[rc];[b]), and p + q = r with p > 0 (hence 0 ≤
q < r). We will show that this diagram is commutative by factoring it into two
commutative diagrams as indicated by the dotted arrows.
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The left half of the diagram (4.1.20) is the commutative diagram
L[O( d[a];[rc];[b])⊗ At−1[a] ⊗Xp ⊗Yq]
g∗
//
comonoidal

L[O(⋮) ⊗ At−1[a,pc]⊗Yq]
comonoidal

LO(⋮) ⊗ (LAt−1)[a] ⊗ (LX)p ⊗(LY)q
(χ
At−1
)∗

g∗
// LO(⋮) ⊗ (LAt−1)[a,pc]⊗(LY)q
(χ
At−1
)∗

LO(⋮) ⊗ (LAt−1)[a] ⊗ (LX)p ⊗(LY)q
( f ,Id)

g′∗
// LO(⋮) ⊗ (LAt−1)[a,pc]⊗(LY)q
( f ,Id)

P(⋮) ⊗ (LAt−1)[a] ⊗ (LX)p ⊗ (LY)q
g′∗
// P(⋮) ⊗ (LAt−1)[a,pc]⊗ (LY)q
(4.1.21)
in which the top square is commutative by naturality. The middle square is com-
mutative by the definition of the map g′, and the bottom square is commutative by
definition.
It remains to show that the right half of the diagram (4.1.20) is commutative.
First observe that the upper right region of the diagram (4.1.20) can be rewritten as
in the commutative diagram:
L[O(⋮) ⊗ At−1[a,pc]⊗Yq] natural //
comonoidal

L[OAt−1( d[qc];[b])⊗Yq]
comonoidal

L[O(⋮) ⊗ At−1[a,pc]]⊗ (LY)q natural // LOAt−1( d[qc];[b])⊗(LY)q
(4.1.22)
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Therefore, to show that the right half of the diagram (4.1.20) is commutative, it is
enough to show that the diagram
L[O(⋮) ⊗ At−1[a,pc]⊗Yq]
comonoidal
❙❙❙
❙❙❙
))❙❙
❙❙❙
❙
comonoidal

LOAt−1(
d
[qc];[b])⊗(LY)q
( ft−1,Id)

L[O(⋮) ⊗ At−1[a,pc]] ⊗ (LY)q
natural❧❧❧❧❧❧❧
66❧❧❧❧❧❧❧
comonoidal
❥❥❥
❥❥❥
❥
uu❥❥❥
❥❥❥
❥
L( f ,unit)

LO(⋮) ⊗ (LAt−1)[a,pc]⊗(LY)q
(χ
At−1
)∗

(L f ,L(unit))
❂❂
❂❂
❂❂
❂❂
❂❂
❂❂
❂❂
❂

❂❂
❂❂
❂❂
❂❂
❂❂
❂❂
❂❂
❂
L[RP(⋮) ⊗ (RLAt−1)[a,pc]]⊗ (LY)q
comonoidal

LO(⋮) ⊗ (LAt−1)[a,pc]⊗(LY)q
( f ,Id)

LRP(⋮) ⊗ (LRLAt−1)[a,pc]⊗(LY)q
counit
❥❥❥
❥❥❥
❥
tt❥❥❥
❥❥❥
❥
P(⋮) ⊗ (LAt−1)[a,pc]⊗(LY)q
natural // P
LAt−1
( d[qc];[b])⊗(LY)q
(4.1.23)
is commutative. The left column in (4.1.23) is equal to the right column in (4.1.21)
(i.e. the middle column in 4.1.20). The path from the top left to the lower right,
across the top then down the right side, is isomorphic to the right column in 4.1.20.
The right sub-diagram is commutative by the definition of ft−1. The top left triangle
(with three comonoidal maps) and the middle left triangle (with two comonoidal
maps) are commutative by naturality. The lower left triangle is commutative be-
cause, by adjunction, f ∶ LO // P is equal to the composite
LO
L f
// LRP
counit
// P.
Likewise, the comparison map χAt−1 ∶ LAt−1 // LAt−1 is equal to the composite
LAt−1
L(unit)
// LRLAt−1
counit
// LAt−1.
Therefore, the diagram (4.1.23) is commutative. As discussed above, together with
the commutative diagrams (4.1.21) and (4.1.22), we conclude that the diagrams
(4.1.20) and, therefore, (4.1.19) are commutative. The proof for the bottom case
is similar, but is much simpler (corresponding to p = 0 in the proof above). 
Lemma 4.1.24. If i ∶ X // Y is a cofibration between cofibrant objects in M, and L ∶
M // N is as in the statement of Proposition 4.1.1, then the natural map
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Φr ∶ LQrr−1(i) // Qrr−1(Li)
is a weak equivalence between cofibrant objects in N .
The map Φr is defined explicitly in the proof below.
Proof. First, the domain and codomain of Φr are cofibrant because L preserves cofi-
brations and cofibrant objects, and Qrr−1(g) is cofibrant whenever g is a cofibration
between cofibrant objects. To prove Φr is a weak equivalence, we proceed by in-
duction. For the base case, r = 1, Φr is an isomorphism, because Q
1
0(i) = X, so
LQ10(i) = LX ≅ Q10(Li ∶ LX // LY). For the inductive step, we recall Qrr−1(i) may
be inductively constructed ([Har10b] (proof of 7.19)) as a pushout inM:
Qr−1r−2(i)⊗X Id⊗i //
i◻r−1⊗IdX

Qr−1r−2(i)⊗Y

Y⊗r−1 ⊗X // Qrr−1(i)
We may construct Qrr−1(Li) analogously, as a pushout in N . When we apply
L to the pushout square above, we achieve the following commutative cube in N ,
which defines Φr, and where the front and back faces are pushout squares (because
L is a left adjoint):
L(Qr−1r−2(i)⊗X)
L(IdQ(i)⊗i)
//
L(i◻r−1⊗IdX)

δ2
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
L(Qr−1r−2(i)⊗Y)

δ3
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
Qr−1r−2(Li)⊗ LX
IdQ(Li)⊗Li
//
(Li)◻r−1⊗IdLX

Qr−1r−2(Li)⊗ LY

L(Y⊗r−1 ⊗X) //
δ1
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
L(Qrr−1(i))
Φr
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
(LY)⊗r−1 ⊗ LX // Qrr−1(Li)
(4.1.25)
In the top face, Id⊗i is a cofibration between cofibrant objects, hence so is L(IdQ(i)⊗i).
Since Li is a cofibration between cofibrant objects, Qr−1r−2(Li) is cofibrant and in the
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front face, IdQ(Li)⊗Li is a cofibration between cofibrant objects. Hence, all eight
objects in (4.1.25) are cofibrant, and by the Cube Lemma [Hov99] (5.2.6), to prove
Φr is a weak equivalence, it suffices to prove δ1, δ2, and δ3 are weak equivalences.
The map δ1 is the iteration of the comonoidal structure map L
2. Since X and Y
are cofibrant, δ1 is a composite of weak equivalences, by Definition 2.3.6(1). The
map δ2 factors as follows:
L(Qr−1r−2(i)⊗X) δ2 //
L2
Q(i),X
((P
PP
PP
PP
PP
PP
PP
PP
PP
Qr−1r−2(Li)⊗ LX
L(Qr−1r−2(i))⊗ LX
Φr−1⊗IdLX
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
The comonoidal structuremap L2Q(i),X is a weak equivalence byDefinition 2.3.6(1).
The map Φr−1 is a weak equivalence between cofibrant objects by the inductive hy-
pothesis. Since LX is cofibrant, −⊗ LX is a left Quillen functor and hence preserves
weak equivalences between cofibrant objects, by Ken Brown’s Lemma [Hov99]
(1.1.12). It follows that δ2 is a weak equivalence. Similarly, δ3 factors as:
L(Qr−1r−2(i)⊗Y) δ3 //
L2
Q(i),Y
''P
PP
PP
PP
PP
PP
PP
PP
P
Qr−1r−2(Li)⊗ LY
L(Qr−1r−2(i))⊗ LY
Φr−1⊗IdLY
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
The same argument as we used for δ2 proves that δ3 is a weak equivalence. This
completes our inductive proof that Φr is a weak equivalence between cofibrant
objects for all r > 0. 
4.2. Main Theorem. The following theorem is our main result. Roughly speak-
ing, it says that operadic algebras are homotopically well-behaved with respect to
Quillen equivalences.
Theorem 4.2.1 (Lifting Quillen Equivalences). Suppose:
(1) L ∶ M //oo N ∶ R is a nice Quillen equivalence (Def. 3.5.5).
(2) f ∶ O // RP is a map of C-colored operads in M with C a set, O an entrywise
cofibrant C-colored operad inM, and P an entrywise cofibrant C-colored operad in
N . The entrywise adjoint f ∶ LO // P is an entrywise weak equivalence in N .
Then the lifted adjunction (3.3.6)
Alg(O) L // Alg(P)
R
oo
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is a Quillen equivalence between the semi-model categories of O-algebras in M and of P-
algebras in N (Theorem 3.5.3).
Below, we will show that, if O and P are Σ-cofibrant, then we can weaken as-
sumption (1) above to only requiring that (L,R) be a weak symmetric monoidal
Quillen equivalence and that the domains of the generating cofibrations in M be
cofibrant.
Proof. Recall that weak equivalences and fibrations in Alg(O) and Alg(P) are de-
fined entrywise in M and N , respectively. The lifted adjunction L ⊣ R is a Quil-
len adjunction–i.e., the right adjoint R preserves fibrations and trivial fibrations–
because UR = RU in the diagram (3.3.6).
To see that L ⊣ R is a Quillen equivalence between semi-model categories, sup-
pose A is a cofibrant O-algebra, B is a fibrant P-algebra, and ϕ ∶ LA // B ∈ Alg(P).
Wewant to show that ϕ is a weak equivalence if and only if its adjoint ϕ ∶ A // RB
is a weak equivalence. By Proposition 4.1.1 the comparison map χA ∶ LA // LA ∈
N C is an entrywiseweak equivalence. By the 2-out-of-3 property, ϕ is a weak equiv-
alence if and only if the composite
LA
χA
∼
// LA
ϕ
// B ∈ N C
is a weak equivalence. Note that B ∈ N C is fibrant and that A ∈MC is cofibrant by
Theorem 3.5.3(2). Since the entrywise prolongation
L ∶ MC //oo N C ∶ R
is a Quillen equivalence [Hir03] (11.6.5(2)), the map ϕχA ∈ N C is a weak equiva-
lence if and only if its adjoint ϕ ∶ A // RB ∈ MC is a weak equivalence (Example
3.3.10). This proves that L ⊣ R is a Quillen equivalence. 
Note that in Theorem 4.2.1, we only ask that the colored operads O and P be
entrywise cofibrant, instead of the much stronger conditions of being Σ-cofibrant
and admissible [BM03] (section 4). In particular, our operads will almost never be
admissible.
4.3. Σ-cofibrant colored operads. A colored operad O is Σ-cofibrant if it is cofi-
brant in the product model structure SymSeqC, where each category MΣopC ×{d} is
given the projective model structure [Hir03] (11.6.1). If we require O and P to be Σ-
cofibrant, then we can weaken our conditions on the adjunction (L,R). The results
that follow provide an extension of Proposition 12.3.4 in [Fre09], which considers
one operad acting in two different model categories.
Proposition 4.3.1. Suppose:
(1) L ∶ M //oo N ∶ R is a weak symmetric monoidal Quillen equivalence (Def. 2.3.6).
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(2) f ∶ O // RP is a map of C-colored operads in M with C a set, O a Σ-cofibrant
C-colored operad inM, and P a Σ-cofibrant C-colored operad in N . The entrywise
adjoint f ∶ LO // P is an entrywise weak equivalence in N .
(3) Every generating cofibration inM has cofibrant domain.
Suppose A is a cofibrant O-algebra. Then the map f ∶ O // RP induces a natural entry-
wise weak equivalence
LOA
f∞
// PLA ∈ SymSeqC(N )
whose value at (d∅) is the comparison map χA ∶ LA // LA (3.3.8) evaluated at d for each
d ∈ C.
Proof. The proof proceeds exactly as in Proposition 4.1.1. Instead of Lemma 3.5.4,
we use the colored version of Proposition 5.17 in [HH13], which implies OAt and
PLAt are Σ-cofibrant for all t. Instead of (♣)cof in 4.1.11, we use the observation that,
for a Σr-projectively cofibrant object X, the functor X ⊗Σr − is left Quillen. In the
proof, X is first OAt−1( d[rc];[b]) in (4.1.11) and is later PLAt−1(
d
[rc];[b]) in (4.1.15). Rather
than condition (★), observe that X ⊗ i◻r is a cofibration in the projective model
structure onMΣr , and the domain and codomain are projectively cofibrant. Thus,
after taking Σr-coinvariants, we are left with a cofibration between cofibrant objects
inM. Similarly, X ⊗Σr (Li)◻r is a cofibration between cofibrant objects in N .
Finally, when proving the maps α and β are weak equivalences, instead of using
conditions (#) and (☆), we use that (L,R) is a weak monoidal Quillen pair. This
implies L2 is a weak equivalence between Σr-projectively cofibrant objects (since L
induces a left Quillen functor on MΣr). It follows from Ken Brown’s Lemma that
α1 is a weak equivalence. The situation for α2 is similar, since ft−1 ⊗ Id is a weak
equivalence between Σr-projectively cofibrant objects. It follows that α is a weak
equivalence, a similar argument shows that β is a weak equivalence, and then the
double induction demonstrates that f∞ is a weak equivalence as required. 
Similarly, we have a version of Theorem 4.2.1 for Σ-cofibrant colored operads:
Theorem 4.3.2 (Lifting Quillen Equivalences for Σ-Cofibrant Operads). Suppose:
(1) L ∶ M //oo N ∶ R is a weak symmetric monoidal Quillen equivalence (Def. 2.3.6).
(2) f ∶ O // RP is a map of C-colored operads in M with C a set, O a Σ-cofibrant
C-colored operad inM, and P a Σ-cofibrant C-colored operad in N . The entrywise
adjoint f ∶ LO // P is an entrywise weak equivalence in N .
(3) Every generating cofibration inM has a cofibrant domain.
Then the lifted adjunction (3.3.6)
Alg(O) L // Alg(P)
R
oo
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is a Quillen equivalence between the semi-model categories of O-algebras in M and of P-
algebras in N .
Proof. The proof proceeds exactly as in Theorem 4.2.1, but uses Proposition 4.3.1
instead of Proposition 4.1.1. The existence of the semi-model structures on Alg(O)
and Alg(P) is nowdue to Theorem 6.3.1 in [WY18], which also proves that cofibrant
O-algebras are cofibrant inMC, avoiding the need for Theorem 3.5.3 and (♣). 
5. SPECIAL CASES: RECTIFICATION AND DERIVED CHANGE OF CATEGORY
In this section, we discuss special cases of our main results, Theorems 4.2.1 and
4.3.2. We begin with the strongest possible condition on L (that it is the identity),
and successively weaken our conditions on L. We see that rectification, change of
rings, and change of underlying model category (i.e., lifting Quillen equivalences)
are all special cases of the same general framework.
5.1. Rectification. Restricting Theorem 4.2.1 to the special case L = R = Id (so con-
dition (#) (Def. 2.4.3) holds automatically), we obtain the following rectification
result for entrywise cofibrant operads.
Corollary 5.1.1 (Rectification of Operadic Algebras). SupposeM is a cofibrantly gen-
erated monoidal model category satisfying the conditions (☆), (★) (Def. 2.4.1), and (♣)
(Def. 3.5.1), in which every generating cofibration has a cofibrant domain. Suppose C is a
set, and f ∶ O // P is a map of entrywise cofibrant C-colored operads that is an entrywise
weak equivalence inM. Then the induced adjunction
Alg(O) f! // Alg(P)
f∗
oo
is a Quillen equivalence between semi-model categories.
The right adjoint f ∗ ∶ Alg(P) // Alg(O) is given by restriction along the map f .
The left adjoint f! may be constructed as a certain coequalizer [BM07] (section 4).
Example 5.1.2. Corollary 5.1.1 applies when M = Ch(k)≥0, the category of non-
negatively graded chain complexes of k-modules for a characteristic 0 field k, and
f ∶ O // P is the cofibrant replacement:
(1) A∞ // As, where A∞ is the operad for A∞-algebras [Sta63] and As is the
operad for differential graded algebras.
(2) E∞ // Com, where E∞ is an E∞ operad [May72] and Com is the operad for
commutative dg algebras.
(3) L∞ // Lie, where L∞ is the operad for L∞-algebras and Lie is the operad
for dg Lie algebras [FMY09, LM95].
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Remark 5.1.3. Similar rectification results for admissible Σ-cofibrant operads–as op-
posed to entrywise cofibrant operads–have been obtained by Berger and Moerdijk
[BM03, BM07]. Admissibility means that the category of algebras over the op-
erad in question has a model category structure in which the fibrations and weak
equivalences are defined entrywise in the underlying category. Another rectifica-
tion result for admissible operads is in [PS14]. Concrete examples (e.g. [BW16])
demonstrate that admissibility is a strong condition, and one should instead ex-
pect only semi-model structures. A rectification result for 1-colored, entrywise cofi-
brant, non-symmetric operads is [Mur11] (1.3). For operads in symmetric spectra,
a rectification result is [EM06] (1.4); a 1-colored version is [Har09] (1.4).
Example 5.1.4. Rectification results specialize to change of rings results. LetM be
a cofibrantly generated monoidal model category whose generating cofibrations
have cofibrant domains. Let f ∶ R // T be a weak equivalence of monoids in M
with R and T cofibrant as objects inM.
(1) Then f induces a Quillen equivalence between the semi-model categories
of R-modules and T-modules.
(2) If f is a map of commutative monoids, then it induces a Quillen equivalence
between the semi-model categories of R-algebras and T-algebras.
(3) Suppose f is a map of commutative monoids andM satisfies the conditions
in Corollary 5.1.1. Then f induces a Quillen equivalence between the semi-
model categories of commutative R-algebras and commutative T-algebras.
The first two of these examples date back to [SS00], and can be viewed as special
cases of rectification for Σ-cofibrant operads. As discussed in Theorem 4.3.2, when
the operads involved are Σ-cofibrant, the conditions (☆), (★) (Def. 2.4.1), and (♣)
(Def. 3.5.1) are not needed. The last example for commutative algebras requires
the theory of entrywise cofibrant operads as in Theorem 4.2.1.
5.2. Modules. Each (commutative) monoid T in M admits a category Mod(T) of
left T-modules [Mac98] (VII.4). If L ∶ M // N is a lax (symmetric) monoidal
functor, then LT is a (commutative) monoid in N , so it admits a categoryMod(LT)
of left LT-modules. Using the respective operads for left T-modules and left LT-
modules, Theorem 4.3.2 yields the following result. It has both a commutative
version and an associative version, the latter of which is closely related to [SS03]
(3.12(1)).
Corollary 5.2.1 (Modules). Suppose L ∶ M //oo N ∶ R is a weak (symmetric) monoidal
Quillen equivalence with L lax (symmetric) monoidal, and T is a (commutative) monoid
that is cofibrant as an object inM. Assume that the domains of the generating cofibrations
inM are cofibrant. Then there is an induced Quillen equivalence
Mod(T) L // Mod(LT)
R
oo
between the semi-model categories of left T-modules inM and of left LT-modules in N .
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Proof. The proof is the same in the symmetric and non-symmetric contexts. We
need to check condition (2) in Theorem 4.3.2. The 1-colored operad O for left T-
modules has
O(n) =
⎧⎪⎪⎨⎪⎪⎩
T if n = 1;
∅ if n /= 1.
Likewise, the only non-∅ entry in the operad for LT-modules is P(1) = LT. Both
O and P are Σ-cofibrant. The map f ∶ O // RP is determined by the unit of the
adjunction T // RLT, and f ∶ LO // P is the identity map. 
5.3. Monoids and Algebras. Consider Theorem 4.2.1 restricted to the special case
with O the operad for associative monoids [Mac98](VII.3) in M and P the operad
for associative monoids in N . In this setting, we recover the following result from
[SS03] (3.12(3)) with slightly different assumptions. The slight difference in as-
sumptions is due to the generality of our result.
Corollary 5.3.1 (Monoids). Suppose L ∶ M //oo N ∶ R is a weak monoidal Quillen
equivalence, that the tensor units in M and N are cofibrant, and that the domains of the
generating cofibrations inM are cofibrant. Then there is an induced Quillen equivalence
Monoid(M) L // Monoid(N )
R
oo
between the semi-model categories of monoids inM and in N .
Proof. As above, we need to check condition (2) in Theorem 4.3.2. The 1-colored
operad O for monoids inM has
O(n) =∐
Σn
1M
and similarly the 1-colored operad P for monoids in N has P(n) = ∐Σn 1N . In fact,
O is the image of the associative operad in the category of sets under the strong
symmetric monoidal functor
Set //M, S ✤ // ∐
S
1M
and similarly for P. BothO and P are Σ-cofibrant. Themap R
0 ∶ L1M // 1N (2.3.7)
is a weak equivalence between cofibrant objects in N . So the coproduct map
LO(n) = L(∐
Σn
1M) ≅∐
Σn
L1M
∐R
0
// ∐
Σn
1N = P(n)
is also a weak equivalence. 
A commutative monoid T also admits categories Alg(T) (and CAlg(T)) of (com-
mutative) T-algebras, which are (commutative) monoids in the category of T-modules
[SS00] (p.499). An analogous proof to Corollary 5.3.1 demonstrates:
HOMOTOPICAL ADJOINT LIFTING THEOREM 35
Corollary 5.3.2 (Algebras). Suppose L ∶ M //oo N ∶ R is a weak monoidal Quillen
equivalence with L lax monoidal, and T is a commutative monoid that is cofibrant as an
object inM. Then there is an induced Quillen equivalence
Alg(T) L // Alg(LT)
R
oo
between the semi-model categories of T-algebras inM and of LT-algebras in N .
Proof. As above, we check condition (2) in Theorem 4.3.2. The 1-colored operad
for T-algebras is the enveloping operad OT, where O is the operad for monoids. In
this operad, T replaces the unit 1M. Since T is cofibrant and O is Σ-cofibrant, OT
is Σ-cofibrant by Proposition 5.17 in [HH13]. Similarly, OLT is Σ-cofibrant and LT
replaces 1N . The proof now proceeds precisely as above. 
5.4. Commutative Monoids, Commutative Algebras, and Non-Symmetric Oper-
ads. The following two special cases of Theorem 4.2.1 are the commutative ver-
sions of the previous two results.
Corollary 5.4.1 (Commutative Monoids). Suppose L ∶ M //oo N ∶ R is a nice Quillen
equivalence (Def. 3.5.5) and that the tensor units inM and N are cofibrant. Then there is
an induced Quillen equivalence
CMonoid(M) L // CMonoid(N )
R
oo
between the semi-model categories of commutative monoids inM and in N .
Proof. We simply reuse the proof of Corollary 5.3.1 withO the commutative monoid
operad in M, which has O(n) = 1M for all n ≥ 0, and P the commutative monoid
operad in N . As the commutative monoid operad is not Σ-cofibrant, we need to
assume (L,R) is a nice Quillen equivalence, and we need to use Theorem 4.2.1. 
Using essentially the same proof as in the previous corollaries with the respective
operads for commutative T-algebras and commutative LT-algebras, Theorem 4.2.1
yields the following result.
Corollary 5.4.2 (Commutative Algebras). Suppose L ∶ M //oo N ∶ R is a nice Quillen
equivalence (Def. 3.5.5) with L lax symmetric monoidal, and T is a commutative monoid
that is cofibrant as an object inM. Then there is an induced Quillen equivalence
CAlg(T) L // CAlg(LT)
R
oo
between the semi-model categories of commutative T-algebras in M and of commutative
LT-algebras in N .
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This result improves on Theorem 4.19 in [Whi17], which required L to be strong
symmetric monoidal.
Using instead the operads for 1-colored non-symmetric operads inM and inN ,
essentially the same proof yields the following special case of Theorem 4.3.2. A
similar result for full model categories is [Mur14] (1.1).
Corollary 5.4.3 (Non-Symmetric Operads). Suppose L ∶ M //oo N ∶ R is a weak
monoidal Quillen equivalence, that the tensor units in M and N are cofibrant, and that
the generating cofibrations inM have cofibrant domains. Then there is an induced Quillen
equivalence
OperadΩ(M) L // OperadΩ(N )
R
oo
between the semi-model categories of 1-colored non-symmetric operads inM and in N .
5.5. Generalized Props. The previous corollaries can be vastly extended to gen-
eralized props associated to any pasting scheme in the sense of [YJ15] (10.39). We
refer the reader to [YJ15] for detailed discussion of pasting schemes and their as-
sociated generalized props. For any fixed set C of colors, generalized props over
a pasting scheme include: enriched C-categories (= enriched categories with ob-
ject set C and object-preserving functors), C-colored operads, C-colored half-props,
C-colored dioperads, C-colored prop(erad)s, C-colored wheeled operads, and C-
colored wheeled prop(erad)s. See [YJ15] (Chapter 11) for detailed discussion of
these objects.
When Theorem 4.2.1 is restricted to the special case with O and P the operads
for the generalized props under discussion in M and in N , which are explicitly
described in [YJ15] (14.1), we obtain the following result. The proof is once again
basically the same as that of Corollary 5.3.1, but uses Theorem 4.2.1 because the
colored operads in question are in general not Σ-cofibrant.
Corollary 5.5.1. Suppose L ∶ M //oo N ∶ R is a nice Quillen equivalence (Def. 3.5.5)
and that the tensor units inM andN are cofibrant. Then for each pasting scheme G in the
sense of [YJ15] (Def. 8.2), there is an induced Quillen equivalence
PropG(M) L // PropG(N )
R
oo
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between the semi-model categories ofG-props [YJ15] (10.39) inM and inN . In particular,
for each color set C, there are induced Quillen equivalences between semi-model categories:
enriched C-categories CatC(M) //oo CatC(N )
C-colored operads OperadC(M) //oo OperadC(N )
C-colored half-props 12Prop
C(M) //oo 12PropC(N )
C-colored dioperads DioperadC(M) //oo DioperadC(N )
C-colored properads ProperadC(M) //oo ProperadC(N )
C-colored props PropC(M) //oo PropC(N )
C-colored wheeled operads OperadCû(M) //oo OperadCû(N )
C-colored wheeled properads ProperadCû(M) //oo ProperadCû(N )
C-colored wheeled props PropCû(M) //oo PropCû(N )
This result extends a result from [HRY17] to non-shrinkable contexts. In partic-
ular, the application to properads, colored props, and colored wheeled props, is
new.
5.6. Cyclic andModularOperads. Similarly, using the operads for C-colored cyclic
operads or C-colored modular operads for a fixed color set C in M and in N
[GK95, GK98, MSS02], Theorem 4.2.1 yields the following result.
Corollary 5.6.1. Suppose L ∶ M //oo N ∶ R is a nice Quillen equivalence (Def. 3.5.5)
and that the tensor units in M and N are cofibrant. Then for each color set C, there are
induced Quillen equivalences
OperadCcyc(M) L // OperadCcyc(N )
R
oo OperadCmod(M) L // OperadCmod(N )
R
oo
between the semi-model categories of C-colored cyclic (resp., modular) operads in M and
in N .
5.7. Lie algebras. Quillen achieved a Quillen equivalence between the categories
of reduced rational simplicial Lie algebras and reduced rational dg Lie algebras
[Qui69] (p.211). We now recover this result as a special case of Theorem 4.2.1, while
simultaneously generalizing Quillen’s work to the setting of any field of character-
istic zero.
Corollary 5.7.1. For any field k of characteristic zero, the Dold-Kan equivalence L ⊣ R be-
tweenM = reduced simplicial k-modules, and N = reduced dg k-modules, induces a Quil-
len equivalence between reduced simplicial Lie k-algebras, and reduced dg Lie k-algebras.
Proof. There is an operad Liek, in the category of k-vector spaces, whose algebras
are Lie algebras. This operad acts in both M and N , because both are enriched
in k-vector spaces. The categories of algebras over this operad possess transferred
model structures by [WY18] (6.1.1). We now apply Theorem 4.2.1, taking O and
P to be the operad Liek. The map f ∶ O // R(P) is induced by the unit of the
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adjunction, and f ∶ LO // P is an isomorphism, just as in [SS03] (3.16, 4.4). That
the Dold-Kan equivalence is nice is Example 3.5.6. 
We remark that the paper [HRY17] states (after Definition 5.1) that the Quillen
adjunction between reduced rational simplicial Lie algebras and reduced rational
dg Lie algebras is a weak monoidal Quillen pair. This is a small misprint. What
the authors meant was that this Quillen equivalence could be obtained from the
Dold-Kan equivalence, which is a weak monoidal Quillen equivalence. Corollary
5.7.1 verifies this claim.
6. APPLICATIONS TO LEFT BOUSFIELD LOCALIZATION
Left Bousfield localization is a general framework that starts with a (nice) model
categoryM and a set of morphisms C, and produces a newmodel structure LC(M)
on the same category in which maps in C are now weak equivalences (along with
all the old weak equivalences). When we say Bousfield localization we will always
mean left Bousfield localization, so cofibrations in LC(M) will be the same as the
cofibrations inM. The model category LC(M) satisfies a universal property (The-
orem 3.3.20, [Hir03]): for any left Quillen functor F ∶ M // N taking the maps in
C to weak equivalences, there is an induced left Quillen functor F̃ ∶ LC(M) // N .
Applications of left Bousfield localization abound: it has been used to study gen-
eralized homology theories, to create stable model structures for spectra (including
equivariant and motivic spectra), for spectral sequence computations, and to give
models for presentable ∞-categories, just to name a few. We refer the interested
reader to [Hir03] to learn more. Recently, it has become advantageous to study the
interplay between Bousfield localization and operad algebra structure. A lengthy
list of applications in this vein can be found in [Whi14b] and [WY18].
In this sectionwewill specialize themachinery of Theorems 4.2.1 and 4.3.2 to the
local setting, and prove results relating Alg(O; LC(M)) and Alg(P; LD(N )), the cat-
egories of algebras valued in local model categories. We begin with an adjunction
L ∶ M //oo N ∶ R and a class of maps C inM. We define a class of maps D = LC in
N , where L is the left derived functor of the left adjoint L.
6.1. Local Quillen Equivalences. In order for operad algebras to have a well-
behaved local homotopy theory, we will need LC(M) and LD(N ) to be monoidal
model categories. Such localizations are studied in [Whi14a], where they are called
monoidal left Bousfield localizations. In particular, the following characterization is
given. We say that cofibrant objects are flat when, for every cofibrant X, X ⊗− pre-
serves weak equivalences.
Theorem 6.1.1 (Monoidal Bousfield Localization = 4.6 in [Whi14b]). Suppose M is
a cofibrantly generated monoidal model category in which cofibrant objects are flat. Then
the following are equivalent:
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(1) LC(M) satisfies the pushout product axiom and has cofibrant objects flat.
(2) Every map of the form f ⊗ IdK, where f is in C and K is cofibrant, is a C-local
equivalence.
If the domains of the generating cofibrations are cofibrant, then it suffices to check this
condition for (co)domains K of the generating cofibrations.
Throughout this section, we will assume that M, N , LC(M), and LD(N ) are
cofibrantly generated monoidal model categories. We state our main result:
Theorem 6.1.2 (Lifting Local Quillen Equivalences). Suppose:
(1) L ∶ M //oo N ∶ R is a Quillen equivalence where R is lax symmetric monoidal.
Suppose
(a) For all X,Y cofibrant in M, the comonoidal map L(X ⊗Y) // LX ⊗ LY is
a local weak equivalence in N .
(b) For some cofibrant replacement Q1M of the unit 1M, the composition
LQ1M // L1M // 1N is a local weak equivalence in N .
Recall that D = LC.
(2) (★) holds inM and N . The generating cofibrations inM have cofibrant domain.
(3) (#) and (♣) hold in LC(M) and LD(N ).
(4) N satisfies the local version of (☆); i.e. for any local weak equivalence g between
objects of N Σopn that are cofibrant in N (same as being cofibrant in LD(N )), and
for any X in N Σn that is cofibrant in N , then g⊗Σn X is a local weak equivalence.
(5) f ∶ O // RP is a map of C-colored operads in M, O an entrywise cofibrant C-
colored operad in M, P an entrywise cofibrant C-colored operad in N , and the
entrywise adjoint f ∶ LO // P is an entrywise local weak equivalence in N .
Then the lifted adjunction (3.3.6)
Alg(O; LC(M)) L // Alg(P; LD(N ))
R
oo
is a Quillen equivalence between the semi-model categories of O-algebras in LC(M) and of
P-algebras in LD(N ) (Theorem 3.5.3).
We also have a streamlined version for Σ-cofibrant colored operads, that we state
after the proof.
Proof. The definition of D as LC guarantees that the adjunction (L,R) descends
to an adjuction L ∶ LC(M) //oo LD(N ) ∶ R, by Theorem 3.3.20 in [Hir03]. We
will apply Theorem 4.2.1 to this adjunction. Condition (5) is the local version of
condition (2) of Theorem 4.2.1, since O (resp., P) is entrywise cofibrant locally if
and only if it is entrywise cofibrant in M (resp., N ). We are left to prove L ∶
LC(M) //oo LD(N ) ∶ R is a nice Quillen equivalence (Def. 3.5.5). It is a weak
symmetric monoidal Quillen equivalence by condition (1) of the theorem. Note
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that this is a weaker condition than simply assuming (L,R) is a weak symmetric
monoidal Quillen equivalence relative toM and N .
Next, (★) only references the cofibrations, and so holds in M if and only if it
holds in LC(M), because whenever an object X is Σn-cofibrant in M, it is Σn-
cofibrant in LC(M). The same holds for N . The same argument shows that the
domains of the generating cofibrations in LC(M) are cofibrant.
We have assumed (#) and (☆) for LC(M) and LD(N ), but we note that condition
(3) above is weaker than simply assuming (#) for M and N , since every weak
equivalence is a local weak equivalence. Similarly, assuming (☆) is weaker than
the usual method of getting a functor to preserve local weak equivalences (namely,
Theorem 3.3.18 in [Hir03]), because we do not need the functor −⊗Σn X to be left
Quillen.
Lastly, we have assumed (♣) in LC(M) and LD(N ), and this implies that
L ∶ LC(M) //oo LD(N ) ∶ R is a nice Quillen equivalence. Note that (♣)cof is the
same inM and in LC(M). Conditions guaranteeing (♣)t.cof to hold in any left Bous-
field localization are given in [WY18]. Examples include spaces, spectra, and chain
complexes over a field of characteristic zero. 
Wenow state the version of this result for Σ-cofibrant colored operads. The proof
involves applying Theorem 4.3.2 to the induced adjunction L ∶ LC(M) //oo LD(N ) ∶
R, as above.
Theorem 6.1.3 (Lifting Local Quillen Equivalences for Σ-Cofibrant Operads). Sup-
pose:
(1) L ∶ M //oo N ∶ R is a Quillen equivalence where R is lax symmetric monoidal.
Suppose
(a) For all X,Y cofibrant in M, the comonoidal map L(X ⊗Y) // LX ⊗ LY is
a local weak equivalence in N .
(b) For some cofibrant replacement Q1M of the unit 1M, the composition
LQ1M // L1M // 1N is a local weak equivalence in N .
Recall that D = LC.
(2) The generating cofibrations inM have cofibrant domain.
(3) f ∶ O // RP is a map of C-colored operads in M, O a Σ-cofibrant C-colored
operad in M, P a Σ-cofibrant C-colored operad in N , and the entrywise adjoint
f ∶ LO // P is an entrywise local weak equivalence in N .
Then the lifted adjunction (3.3.6)
Alg(O; LC(M)) L // Alg(P; LD(N ))
R
oo
is a Quillen equivalence between the semi-model categories of O-algebras in LC(M) and of
P-algebras in LD(N ).
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Remark 6.1.4. Recently, the first author and Michael Batanin have investigated lo-
cal operadic algebras. Theorem3.4 of [BW16], proves that, wheneverAlg(O; LC(M))
has a transferred semi-model structure, the Bousfield localization LO(C)Alg(O;M)
exists and coincides with Alg(O; LC(M)), where O(C) denotes the free O-algebra
maps on C. Combining this with Theorem 6.1.2 provides a Quillen equivalence be-
tween LO(C)Alg(O;M) and LP(D)Alg(P;N ). This can be viewed as an enhancement
to Theorem 3.3.20 in [Hir03], as it allows for simultaneously changing the model
category and the operad.
6.2. Special Cases. Following Section 5, we provide several applications of the
results above. We begin with rectification.
Corollary 6.2.1 (Local Rectification). Suppose M is a cofibrantly generated monoidal
model category, and LC(M) is a monoidal left Bousfield localization. SupposeM satisfies
(★) (Def. 2.4.1), (♣)cof (Def. 3.5.1), and every generating cofibration has a cofibrant do-
main. Suppose M satisfies local versions of (☆) and (♣)t.cof as in Theorem 6.1.2. Suppose
C is a set, and f ∶ O // P is a map of entrywise cofibrant C-colored operads that is an
entrywise C-local weak equivalence inM. Then the induced adjunction
Alg(O; LC(M))
f!
//
Alg(P; LC(M))
f∗
oo
is a Quillen equivalence between semi-model categories.
Corollary 6.2.2 (Local Rectification for Σ-Cofibrant Operads). Suppose M is a cofi-
brantly generated monoidal model category, and LC(M) is a monoidal left Bousfield local-
ization. Suppose that in M every generating cofibration has a cofibrant domain. Suppose
C is a set, and f ∶ O // P is a map of Σ-cofibrant C-colored operads that is an entrywise
C-local weak equivalence inM. Then the induced adjunction
Alg(O; LC(M))
f!
//
Alg(P; LC(M))
f∗
oo
is a Quillen equivalence between semi-model categories.
We turn now tomodules, (commutative) monoids, (commutative) algebras, non-
symmetric operads, generalized props, cyclic operads, and modular operads.
Corollary 6.2.3. Assume that the conditions of Theorem 6.1.2 are satisfied (for Σ-cofibrant
situations, Theorem 6.1.3 suffices).
(1) Suppose T is a (commutative) monoid that is cofibrant as an object inM, and L is
lax (symmetric) monoidal. Then there is an induced Quillen equivalence
Mod(T; LC(M)) L // Mod(LT; LD(N ))
R
oo
between the semi-model categories of left T-modules in LC(M) and of left LT-
modules in LD(N ).
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(2) Suppose T is a commutative monoid that is cofibrant as an object inM, and L lax
symmetric monoidal. Then there is an induced Quillen equivalence
Alg(T; LC(M)) L // Alg(LT; LD(N ))
R
oo .
(3) Suppose T is a commutative monoid that is cofibrant as an object inM, and L lax
symmetric monoidal. Then there is an induced Quillen equivalence
CAlg(T; LC(M)) L // CAlg(LT; LD(N ))
R
oo .
(4) Suppose the tensor units in M and N are cofibrant. Then there is an induced
Quillen equivalence
OperadΩ(LC(M)) L // OperadΩ(LD(N ))
R
oo .
(5) Suppose that the tensor units in M and N are cofibrant. Then for each pasting
scheme G in the sense of [YJ15] (Def. 8.2), there is an induced Quillen equivalence
PropG(LC(M)) L // PropG(LD(N ))
R
oo
between the semi-model categories of G-props [YJ15] (10.39) in LC(M) and in
LD(N ).
(6) Suppose that the tensor units inM andN are cofibrant. Then for each set C, there
are induced Quillen equivalences
OperadCcyc(LC(M)) L // OperadCcyc(LD(N ))
R
oo
and
OperadCmod(LC(M)) L // OperadCmod(LD(N ))
R
oo .
Taking T to be the tensor unit in (2) and (3) implies a Quillen equivalence for
local (commutative) monoids.
7. APPLICATIONS TO (COMMUTATIVE) HR-ALGEBRAS, (C)DGAS,
E∞-ALGEBRAS, AND MOTIVIC RING SPECTRA
7.1. Dold-Kan Equivalence. The main application of [SS03] proves that the Dold-
Kan equivalence lifts to categories of modules and algebras. This can be viewed
as a special case of Theorem 4.3.2, since these are categories of algebras over Σ-
cofibrant operads (as explained in Section 5), since the model categories involved
have generating cofibrationswith cofibrant domains, and since theDold-Kan equiv-
alence satisfies the conditions of Theorem 4.3.2 (see Example 2.3.8).
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7.2. (Commutative)DGAs and HR-Algebra Spectra. Themain theoremof [Shi07]
proves that themodel categories of HR-algebra spectra and unbounded differential
graded R-algebras are Quillen equivalent, where R is a discrete commutative ring.
Shipley lifts the chain of Quillen equivalences (with left adjoints on top)
HR−Mod Z // SpΣ(sAb)
U
oo
φ∗N
// SpΣ(ch)Loo D // Ch
R
oo
to the level of monoids. Here HR is the Eilenberg-Maclane spectrum, sAb is the cat-
egory of simplicial R-modules, ch is the category of non-negatively graded chain
complexes of R-modules, Ch is the category of unbounded chain complexes of R-
modules with the projective model structure, and SpΣ(−) is a suitable category of
symmetric spectra. The Quillen equivalences (Z,U) and (D,R) are strong sym-
metric monoidal, and the middle one (L,φ∗N) is weak symmetric monoidal.
Shipley’s main result may be viewed as a special case of Theorem 4.3.2, applied
to each adjunction. Proposition 2.10 of [Shi07] demonstrates that the adjunctions
all satisfy the conditions of Theorem 4.3.2. The domains of the generating cofibra-
tions in all settings are cofibrant. To recover Shipley’s result, in each of the three
Quillen equivalences, O and P are both the operads whose algebras are monoids
as in Corollary 5.3.1. A key point here is that the associative operad is Σ-cofibrant,
so Theorem 4.3.2 is applicable. Similarly, Shipley’s extension to modules (Theorem
2.13 of [Shi07]) can be viewed as a special case of Theorem 4.3.2.
Furthermore, when R has characteristic 0 (which implies that (★), (☆) (Def.
2.4.1), (#) (Def. 2.4.3), and (♣) (Def. 3.5.1) are satisfied), Theorem 4.2.1 can be
applied to each of Shipley’s three Quillen equivalences with O and P the operads
whose algebras are commutative monoids as in Corollary 5.4.1. This yields, in the
characteristic 0 setting, a zig-zag of three Quillen equivalences
C(HR−Mod) Z // C(SpΣ(sAb))
U
oo
φ∗N
// C(SpΣ(ch))Loo D // C(Ch)
R
oo (7.2.1)
between the categories of commutative HR-algebra spectra and of commutative
differential graded R-algebras. This confirms a belief expressed in [Shi07]. As we
will discuss below, a zig-zag of Quillen equivalences between the same end cat-
egories is also achieved in [RS14] (Corollary 8.4) using six Quillen equivalences
instead of three here.
7.3. CommutativeHR-Algebra Spectra, CDGAs, and E∞-Algebras. Themain the-
orem of [RS14] proves a result analogous to the above, but for commutative HR-
algebra spectra and E∞-algebras in Ch for a discrete commutative ring R. The chain
of Quillen equivalences produced is now:
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C(HR-mod) Z // C(SpΣ(sAb))
U
oo
N
// C(SpΣ(ch))LNoo i // C(SpΣ(Ch))
C0
oo
ε∗

E∞Ch
Ev0
// E∞(SpΣ(Ch))
F0
oo
ε∗
OO
The Quillen equivalence in the bottom row is a special case of Theorem 4.3.2, be-
cause E∞ operads are Σ-cofibrant. The vertical Quillen equivalence is a special case
of rectification. As the commutative operad is not Σ-cofibrant, we need Theorem
4.2.1 in this setting. Unfortunately, we do not know if the conditions of this theorem
are satisfied for symmetric spectra in Ch for general R. We do, however, know that
the conditions are satisfied if R is replaced by a field k of characteristic zero. Once
this replacement is made, the vertical Quillen equivalence is a special case of Theo-
rem 4.2.1. Of the remaining three Quillen equivalences, the outer ones are induced
by strong symmetric monoidal Quillen equivalences, while the inner one (LN,N)
is induced by a weak symmetric monoidal Quillen equivalence. However, in the
characteristic 0 setting, this is enough to deduce (#), (★), (☆), and (♣). Thus, in
the characteristic 0 case, all five Quillen equivalences are special cases of Theorem
4.2.1.
Furthermore, in the characteristic 0 setting, there is a rectification Quillen equiva-
lence between E∞-algebras in differential gradedmodules E∞Ch and commutative
differential graded algebras C(Ch). In this case, the above zig-zag is prolonged
to a zig-zag of six Quillen equivalences between commutative Hk-algebra spectra
and commutative differential graded k-algebras, which is Corollary 8.4 in [RS14].
However, as discussed in the previous section (7.2.1), using the main results of this
paper, we actually have a zig-zag with the same end categories involving only three
Quillen equivalences, which are Shipley’s original adjunctions.
7.4. Motivic Applications. The final application of [PS14] constructs a strictly com-
mutative ring spectrum for Deligne cohomology. This is done by pushing a com-
mutative differential graded algebra through a chain of Quillen equivalences ter-
minating with strictly commutative motivic ring spectra. However, since both the
starting category and the ending category admit rectification, one could instead
view the CDGA as an E∞-algebra in chain complexes, then use Theorem 4.3.2 to
push this object through a chain of lifted Quillen equivalences, and then use recti-
fication in the positive stable model structure on motivic symmetric spectra (Theo-
rem 3.10, [Hor13]) to strictify the resulting E∞-algebra into a strictly commutative
ring spectrum.
7.5. Dual Dold-Kan Equivalence. The dual Dold-Kan equivalence is studied in
[CC04], where the authors study the classical Quillen pair
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K ∶ Ch≥0 ⇆ Ab∆ ∶ N
betweennon-negatively graded cochain complexesCh≥0 and cosimplicial abelian
groups, where N is the normalized complex functor (also known as theMoore com-
plex), and K is its left adjoint. They replace K ⊣ N with the following Quillen pair,
which we will refer to as the monoidal dual Dold-Kan equivalence:
Q ∶ Ch≥0 ⇆ AbFin ∶ P
where Q is strong symmetric monoidal [CC04] (5.2, 7.5), and Fin has the same
objects as ∆, but morphisms are any set morphisms. By restricting the Fin-structure
to a cosimplicial structure, they obtain a left Quillen equivalence Q̃ that is derived-
equivalent to K. They explicitly lift Q̃ to a Quillen equivalence between differential
graded rings and cosimplicial rings [CC04] (9.6). This result may be recovered and
generalized as a special case of our Theorem 4.2.1, as we now explain.
Corollary 7.5.1. Let k be any commutative ring. Then the monoidal dual Dold-Kan equiv-
alence is a weak monoidal Quillen equivalence and lifts to a Quillen equivalence between
differential graded k-algebras and cosimplicial k-algebras.
Proof. First, the construction of the adjoint pair Q ⊣ P can be carried out in Ch(k)≥0
just as well as in Ch(Z)≥0, as can the proof that Q is strong symmetric monoidal.
Since the monoidal units of Ch(k)≥0 and (Vectk)Fin are cofibrant, Q ⊣ P is a weak
symmetric monoidal Quillen equivalence 2.3.6, and hence the result is a conse-
quence of Corollary 5.3.1. 
Wemay also expand the work of [CC04] to other colored operads.
Corollary 7.5.2. Let k be a field of characteristic zero. Then the monoidal dual Dold-Kan
equivalence lifts to Quillen equivalences
(1) between commutative differential graded k-algebras and cosimplicial commutative
k-algebras;
(2) between differential graded Lie k-algebras and cosimplicial Lie k-algebras.
Proof. Because k has characteristic zero, the monoidal dual Dold-Kan equivalence
is a Nice Quillen equivalence (Example 3.5.6). The result now follows in precisely
the same way as Corollaries 5.4.1 and 5.7.1. 
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